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Abstract

Abstract: Let the star in n vertices, namely K ,,_; be denoted by S,,. If every two coloring of the
edges of a complete balanced multipartite graph K, there is a copy of .S, in the first color or a
copy of S,, in the second color, then we will say K s — (Sy, Sy). The size Ramsey multipartite
number m;(S,, Sy,) is the smallest natural number s such that K., — (S,,S,,). In this paper,
we obtain the exact values of the size Ramsey numbers m;(S,,, S,,) forn,m > 3 and j > 3.
Keywords: Graph theory, Ramsey Theory

Mathematics Subject Classification : 05C55, 05D10
DOI:10.5614/ejgta.2022.10.1.15

1. Introduction

In this paper we concentrate on simple graphs without loops and multiple edges. Let the complete
multipartite graph having j uniform sets of size s be denoted by K., and the complete bipartite
graph on n + m vertices be denoted by K, ,,. Given, three graphs Ky, G' and H, we say that
Ky — (G, H) if Ky is colored by two colors red and blue and it contains a copy of G(in the
first color) or a copy of H(in the second color). Using this notation we define the classical Ramsey
number r(n, m) as the smallest integer N such that Ky — (K, K,,). However, even in the case
of diagonal classical Ramsey numbers 7(n, n) almost nothing significant is known beyond the case
n = 5 (see Radziszowski et al 2014 for a survey).
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In the decades that followed there are several interesting variations that have originated from these
classical Ramsey number. One obvious variation is the case of size Ramsey numbers build up
mainly by Erdos, Faudree, Rousseau and Shelph (see Erdos et al 1978 and Faudree et al 1975).
Another variation introduced recently by Buger et al 2004 and Syafrizal et al 2005, is the concept
of balanced multipartite Ramsey numbers. This concept is based on exploring the two colorings of
multipartite graphs K, instead of the complete graph. Formally define size Ramsey multipartite
number m;(G, H) as the smallest natural number s such that K, — (G, H). However, currently
there are very few known multipartite Ramsey numbers between pairs of graphs and pairs of classes
of graphs other than the ones introduced initially by Syafrizal et al 2005 and 2009, Lusiani et al
2015 and Jayawardene et al 2016 and 2017.

Notation

Given a graph G = (V, E)) with the order of the graph is denoted by |V (G)| and the size of the
graph is denoted by |E(G)|. For a vertex v of a graph G, the neighborhood of v is denoted by
N(v) and is defined as the set of vertices adjacent to v. Further the cardinality of this set, denoted
d(v), is defined as the degree of v. We say that a graph G is a k-regular graph if d(v) = k for all
v € V(G). Given a red-blue coloring of K., = Hp & Hp. The red degree and blue degree of
any vertex v belonging to V/(K,) = {vg;| 0 <i<s—1,0 <k < j— 1} denoted by dg(v) and
dp(v) respectively, are defined as the degree of vertex v in Hr and Hp respectively.

Givenw > 2,0 <i<w-—1and0 < ¢ < w — 1, define 0.,(i) = {a1} U {as}, 07, (i) = {a1},
0(i) = {az} and By, (i) = ¢ and if k > 0, By (i) = UE_ 0. (i) where a; = (i 4+ ¢) mod k

and ay = (i — ¢) mod k.

2. Some Lemmas
In all the following lemmas assume d > 0 as the results are trivially true when d = 0.

Lemma 2.1. There exists a regular induced subgraph of degree d of K, on the vertex set
V(K xs) provided that d is even, j is odd and s is odd.

Proof. Letd = 2k;(j— 1)+ 2k, for some non negative integers k; and k- such that 2k; < s—1 and
0 < 2ky < j — 1. Construct a graph by connecting the vertices v;; and v, , if one of the following
situations hold

a)lfr e By, s()andp#i. b)Ifr=1Ilandp € By, ;(i).
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V24 V23 Vg9 Uz V2,0

Figure 1: In the case when d = 6 = 2k1(j — 1)+ 2ko = (2x 1)(3—1) +2 x 1

We know that K, , consists of j partite sets of size s. Givenv;; 0 <7 < j—1,0<[ < s—1,
the set {v,,.| p # i and r € By, 4(I)} will represent the vertices not belonging to the i*" partite set
(denoted by V;) that are at most 2k; distance apart inside a partite set (with respect to the second
coordinate), as illustrated in the following figure.

,ooo Vj—p1

1 Z)k'l Z)e

Viaa

Figure 2: The set consisting of 2k; (j — 1) vertices corresponding to part(a), namely {v, .| p # i
andr € By, (1)}
More precisely, it will consist of the vertices
VO, i—kys -y Vim1l—kys Vitl,l—kys -5 UVj—1,1—ky

VO, l—k1415 -y Vim1l—ky1+15 Vit 1, l—k1 415 -5 UVj—1,1—k1+1

Vo,1—1y +-5 Vi—1,1—15 Vi41,1—15 -+, Uj—-1,1—1
Vo141 -5 Vi—1,1415 Vi4-1,1415 -+, Uj—1,14+1

VO l4-k1—15 5 Vie 114k —15 Vit 1 l4+k1—15 -5 UVj—1,14+k1 -1
UO,l+k1 9 ey vi—l,l—‘rkl ) Ui+1,l+k17 sy Uj—l,l—l—kl

That is such a set consists of 2k;(j — 1) vertices.
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Similarly, given v;; where 0 <7 < j—1land0 <[ < s—1theset{v,,|r # landp € By, ;(7)} will
represent the vertices not belonging to the i partite set(denoted by ;) that are at most 2k, distance
apart between partite sets (with respect to the first coordinate), as illustrated in the following figure.
More precisely, it will consist of the vertices

Vi—ko,ly -y Vi—1,0, Vit1l5 -5 Vitko |l

That is such a set consists of 2k, vertices.

Vi

Figure 3: The set consisting of 2k, vertices corresponding to part(b), namely {v, | 7 = [ and
P € Biy;(i)}

Thus, by the above definition, part (a) will represent 2k; (j — 1) vertices adjacent to v; ; belonging
to Vo, Vi, Va, ..., Vie1, Vigr, ...Vj_1 and part (b) will represent another 2k, vertices adjacent to v;
belonging to Vi_y,, Vi—gyt1, -y Viet, Via, ooy Vigro -1, Vi

Therefore, the degree of v;; will be equal to 2k, (7 — 1) + 2k,. Moreover, we get that if any vertex
of V; is adjacent to a vertex of V}, by the rule (a) (or rule(b)) then the exact same rule will dictate
that particular vertex of V}, also to be adjacent to the exact same vertex of V. Thus, the generated
graph is well defined.

Next, let d = (2k; +1)(j — 1) + 2k, for some non negative integers k; and ks, such that 2k; < s—3
and 0 < 2k < j — 1. Construct a graph by connecting the vertices v;; and v, , if one of the
following situations hold

a)Ifr € By, (1) and p # 1.
b) If there exists w such that 4w = (j — 1 + 2ky) and r € oy, 41+(1) and p € B, (7).

c) If there exists w such that (j — 1 + 2ky) — 4w = 2 and r € 0y, 11,5(]) and p € B,, ;(7) or else
r=1 andp € Bl,j(i)-
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Voo Vo1 V2 n

Figure 4: In the case whend =4 = (2k1 + 1)(j — 1) +2ka = (2x 0+ 1) x (3 —-1)+2 x 1

It should be noted that the vertex sets of part (b) and part (c) are disjoint and that j — 1 4 2k, is
even as j is odd. Therefore, given v;, it will be either adjacent the vertices corresponding to part
(a) and part (b) or else adjacent the vertices corresponding to part (a) and part (c) according to
whether 4w = (j — 1 + 2ky) orelse (j — 1 + 2ky) — 4w = 2, respectively.

As illustrated in figure 2, the set generated by part (a) namely, {v,,| p # i and r € By, (1)} will
consist of 2k, (j — 1) vertices.

Similarly, given v;; the set generated by part (b), will represent the vertices belonging to V;_,,, ...,
Vi1, Via, ... Viyy sets, that are at most 2(k; + 1) distance apart inside a given partite set (i.e., with
respect to the second coordinate) since (I + (k; + 1)) — (I — (k1 + 1)) = 2(k; + 1). Moreover, it
will consist of the vertices

Vi—w,l—(k141) 5 ++» Vie1,0— (k1 +1)5 Vit+1,l—(k1+1) 5 - Vitw,l—(k1+1)
Vi—w,l4(k141) 5+ o Vie104-(k1 +1) 5 Vit 1,14+ (k14+1) 5 -+ Vitw,l+(k1+1)
Such a set consists of 4w vertices. That is, the set consists of (j — 1) + 2k, vertices.

Figure 5: The set consisting of 4w vertices corresponding to part (b), namely {v, .| 7 € ok, 41,5(])
andp € B, ;(i)}

Similarly, given v;; the set generated by the later part (c), will represent the two vertices belonging

to Vi_1, Viy1 sets, namely v;_; 1, vi11,4+1. More precisely the set generated by part (c), will
consist of the vertices
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Vi—w,l—(k1—1)5 +++» Vi=1,0—(k1—1)5 Vi+1,l—(k1—1) -+ Vitw,l— (k1 —1)
Vi—1,1—-1, Vit1,14+1
Vi—w,l—(k141) 5 ++» Vim1,0— (k1 +1) 5 Vit1,l—(k14+1) 5 -+ Vitw,l— (k1 +1)

Such a set consists of 4w + 2 vertices. That is, the set consists of (j — 1) + 2k, vertices.

Q

Viea Vi Via

Figure 6: The set consisting of 2 vertices corresponding to later section of part (c), namely {v, .|
p € By (i)orelser =1land p € By ;(4)}

Therefore, the degree of v;; will be equal to 2k, (j — 1) + 2k, when part (a)+(b) situation arises or
when part (a)+(c) situation arises. [

Lemma 2.2. There exist regular graphs of degree d on V (K if j is even or s is even.

Proof. We approach this problem by considering the following three cases.

Case 1) If j is even and s is odd.

If d = 2k1(j — 1) + 2k, for some non negative integers k; and ko such that 2k; < s — 1 and
0 < 2ky < j — 2. Construct a graph by connecting the vertices v;; and vy, , if one of the following
situations hold

a)Ilfre By, s()andp#i. b)Ifr=1Ilandp € By, ;(i).

The vertex v;; will be either adjacent the vertices corresponding to part (a) or part (b) and they
are respectively equal to 2k;(j — 1) and 2k,. Therefore, we get that the degree of v;; is equal to
2k1(j — 1) + 2k, as required.

Let d = 2ky(j — 1) + 2ko + 1 for some non negative integers k; and ko such that 2k; < s — 1
and 2k, < j — 2. Construct a graph by connecting the vertices v;; and v, , if one of the following
situations hold

a)Ilfre By s()andp#i. b)Ifr=1Ilandp € By, ;(i).
olfr=1landp € o, ;(i).
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Figure 7: In the case(1) when d =3 =2k (j — 1) + 2ks+1=2x0x (4 —1)+2x 1+1

The vertex v; ; will be either adjacent the vertices corresponding to part (a), part (b) or part (c) and
they are respectively equal to 2k, (j — 1), 2k, and one. Therefore, we get that the degree of v, is
equal to 2k (5 — 1) + 2ks + 1 as required.

Letd = (2k; + 1)(j — 1) + m for some non negative integers ki, ko and m such that 2k; < s — 3
and 0 < m < j — 1 where m = 2ks or m = 2ks + 1. Construct a graph by connecting the vertices
v;; and v, , if one of the following situations hold

a)Ifr € By, (1) and p # 1.

b) If there exists w such that w = (j — 1 +m) div 4, r € oy, 415(1) and p € By, ;(7).

c) If there exists w such that (j — 1+ m) —4w =1,r =landp € 0%7].(@‘).

d) If there exists w such that (j — 1 +m) — 4w = 2,r =l and p € oy ;(7).

e) If there exists w such that (j — 1 +m) —4w =3,r =1, p € 0y,(i) and p € a%ﬁj(i) (as j is
even).

Figure 8: In the case(l) whend = 6 = (2k; +1)(j — 1) +2ko+1=(2x04+1)(6—1)+2x0+1
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It should be noted that the vertex sets of part (b), (¢), (d) and part (e) are disjoint. Therefore, v; ; will
be either adjacent the vertices corresponding to part (a) and part (b) or (a) and part (c) or (a) and
part (d) or else part (a) and part (e) according to whether 4w = j — 1+ 2ks, (j — 14 2ky) — 4w = 1,
(j =14 2ky) —4w = 2 or (j — 1 + 2ky) — 4w = 3 respectively. In all these scenarios we get
d = (2k; + 1)(j — 1) + m as required.

Case 2) If j is even and s is even.

Let d = 2k1(j — 1) 4 2k, for some non negative integers k; and ks such that 2k; < s — 2 and
0 < ke < j — 1. Construct a graph by connecting the vertices v;; and vy, , if one of the following
situations hold

a)Ifr € By, 5(I) and p # 1.

b)If ky < L, 7 =l and p € By, ;(i).

OIf L <k, <j—1land((r=1landpe Bz (i) or (r € o5,5() and p € Baty-i-) S
d)Ifko=j7—1land((r=1Ilandp #i)or(r € 0578(l) and p # 1)).

It should be noted that the vertex sets of part (b), (c) and part (d) are disjoint. Therefore, v;; will
be either adjacent the vertices corresponding to part (a) and part (b) or (a) and part (c) or else part

(a) and part (d) according to whether ky < 1, % < ky < j—1orky =7 — 1respectively. In all
these scenarios we get d = 2k;(j — 1) + 2k as required.

Let d = 2ky(j — 1) + 2ko + 1 for some non negative integers k; and ks where such that 2k < s—2
and ky < j — 1. Construct a graph by connecting the vertices v;; and v, , if one of the following
situations hold

a)Ifr € By, s(1) and p # 1.
b)If ky < 52,7 = land (p € By, ;(i) orp € o5 ().

¢)Ifky > and (r =landp #i)or (r € oz ,(I) and p € Baiy--2 (i))-

V2,0
V21
V2,2

V2,3

Figure 9: In the case(2) when d =5 =2k (j — 1) +2ko+1=2x0x (4 —1)+2x2+1
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It should be noted that the vertex sets of part (b) and part (c) are disjoint. Therefore, v;; will be
either adjacent the vertices corresponding to part (a) and part (b) or (a) and part (c) according to
whether £y < ]%2 or ky > % respectively. In all these scenarios we get d = 2k1(j — 1) + 2kg + 1
as required.

Case 3) If j is odd and s is even.

Let d = 2k1(j — 1) + 2k, for some non negative integers k; and ks such that 2k; < s — 2 and
0 < ke < j — 1. Construct a graph by connecting the vertices v;; and vy, , if one of the following
situations hold

a)Ifr € By, s(I) and p # 1.

b)If ky < L, 7 =land p € By, ;(i)

c) If ky > % and (r =landp # i) or(r € J;s(l) and p € szQ_Q(j_1>7j(i))).

It should be noted that the vertex sets of part (b) and part (c) are disjoint. Therefore, v;; will be
either adjacent the vertices corresponding to part (a) and part (b) or (a) and part (c) according to
whether ko < % or kg > % respectively. In all these scenarios we get d = 2k;(j — 1) + 2k, as
required.

Case 4) If j is odd and s is even.

Let d = 2k1(j — 1) + 2k2 + 1 for some non negative integers k; and ko such that 2k; < s — 2 and
0 < ky < j — 1. Construct a graph by connecting the vertices v;; and vy, , if one of the following
situations hold

a)Ifr € By, (1) and p # 1.

b) If k; < &1 and ((r = land p € By, (i) or (r € os (1) and r > land p = o, (7)) or
(r€oss(l)andr <landp =0y, ;7).

¢ If ky = %and ((r=1landp #i)or(r € o5 s(l)andr > landp = J,;Z+17j(i)) or (1 € o s(1)
andr < landp = oy, ;(i))).

d) If by > ]%1 and (r =land p # 7) or (r € J%,S(Z) and p € B2k2—2(j—1) ’j(i)) or (r € a%,s(l) and

p = 0—2:2—;1—”“,]‘@ withr > 1) or (r € o5 ,(I) and p = U;k2_2(‘7_1)+1,j (i) with 7 < 1)).
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=N A‘i X
= ‘\ .z"g"‘g/ g
‘\’ ,{
\;«,qué..\/l/
N2 VAV

V2.3 V22 V21 V2.0

Figure 10: In the case(3) when d =5 =2k (j — 1) +2ko+1=2Xx1x (3 —-1)+2x0+1

It should be noted that the vertex sets of part (b), (c) and part (d) are disjoint. Therefore, v;; will be

either adjacent the vertices corresponding to part (a) and part (b) or (a) and part (c) or else (a) and
- A

part (d) according to whether ky < j%l, ky = 45 or ky > ]%1 respectively. In all these scenarios

we get d = 2k1(j — 1) + 2ky + 1 as required. O
-3
Lemma 2.3. m;(S,,,S,,) < [m—‘ where j,n,m > 3.
. . . n+m—3
Proof. Consider any red/blue coloring given by K., = Hr @ Hp, where s = —1-‘,
] _—

such that H contains no red S,,. Let v be any vertex of K. Then v is incident to at most n — 2
red edge. Hence,

-3
dp(v) > [”*Llw (G—1)—(n—2)>m—1
j J—
Therefore, Hg will contain a blue .S,,,. Hence the result. OJ
n+m—4 i
Lemma 2.4. m;(S,, Sy,) > — 1 where j,n,m > 3.
j JE—
Proof. Consider the red and blue coloring of K., given by K., = Hr © Hp, where s =

—4
[w — 1, where all the vertices will have uniform red degree of n — 2 or n — 3 (this is

j—1
possible by lemma 2.2). Then clearly H g does not contain a red .S,,. Let v be any vertex of K.
Then,

n+m —4 .
(o) = ([ 1) G- - -9
—4
_ %w -1 —j+1-n+3
>n4+m—-4—7—nm+4>m—j

Therefore, Hg will not contain a blue .S,,,. Hence the result. OJ
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n+m—4

Lemma 2.5. m;(S,, S,,) = { =

—‘if(n—i—m—4)#Omod(j—l)wherej,n,mz?;.

-4 -3
Proof. We know that if (n+m —4) % 0 mod (j — 1) then {w—‘ = [w

- -‘ Hence
7J—1

j—1
the result follows by lemma 2.3 and lemma 2.4.

[
. n+m—4 .
Lemma 2.6. Suppose that j,n,m > 3. Then, m;(Sy, Sn) < [—1—‘ provided that (n +
j J—
—4
m —4) = 0mod (j — 1) with j is odd, n is odd and s = TH—Ll is odd.
j—

n+m—4
weact]
such that Hg contains no red S,. Since, j X s X (n — 2) is odd, there will exist at least one
vertex v € K., such it is not incident to n — 2 red edges, as otherwise by handshake lemma
j X sx (n—2)=2|E(Hg)|, a contradiction. Hence,

Proof. Consider any red/blue coloring given by K., = Hr @ Hpg, where s = [

—4
() 2 | G- ) - -9 2w
j —
Therefore, Hg will contain a blue .S,,,. Hence the result. U]

-3

Lemma 2.7. Suppose that j,n,m > 3. Then, m;(S,,Sy,) > FH—#—‘ provided that (n +
] J—
—14
m —4) = 0mod (j — 1) with j is even or s = HLl even or n is even.
] J—
n+m-—23 n+m—4 )
Proof. By lemma 2.3 and lemma 2.4, K, where s = ——1 |- 1= ——1 | will
J— J—

have a n — 2 regular subgraph on K. Using this subgraph generate a red/blue coloring given
by K,«s = Hr ® Hp, where all the edges of this subgraph are colored red and all other edges
colored blue. Then clearly Hp is S, - free. Furthermore, for any vertex v € Kj.,, dp(v) =

—4
(%) (7 — 1) — (n —2) = m — 2. Therefore, Hp will not contain a blue S,,. Hence the
'] —
result. 0
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Theorem 2.1. If 7 > 3 and n, m > 2 then,

([ max{n,m} — 1 ifn=2orm=2
j—1
n+m-—4
_ ifn+m—4=(—-1)s;7,s,n
(S, 1) = T w if (J—1)s;7
are odd and n,m > 3
-3
TH—L otherwise
\ Jj—1

Proof. The theorem clearly follows from lemmas 2.5, 2.6 and 2.7 as m;(.Ss, Sy,)
Syafrizal et al 2005). [

Il
- 1
<. 3
|
Ll RS
_
~~
7]
(¢}
(¢}
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